The notion of vague ideals in subtraction algebras is introduced, and several properties are investigated.
Introduction
B. M. Schein [8] have considered systems of the form (Φ; •, \), where Φ is a set of functions closed under the composition "•" of functions (and hence (Φ; •) is a function semigroup) and the set theoretic subtraction "\" (and hence (Φ; \) is a subtraction algebra in the sense of [1] ). Several authors from time to time have made a number of generalizations of Zadeh's fuzzy set theory [9] . Of these, the notion of vague set theory introduced by Gau and Buehrer [4] is of interest to us. In this paper we introduce a notion of vague ideal in a subtraction algebra, and study some properties of them.
Basic Results on Subtraction Algebra
By a subtraction algebra we mean an algebra (X; −) with a single binary operation "−" that satisfies the following identities: for any x, y, z ∈ X, (S1) x − (y − x) = x; (S2) x − (x − y) = y − (y − x);
The last identity permits us to omit parentheses in expressions of the form (x − y) − z. The subtraction determines an order relation on X: a ≤ b ⇔ a − b = 0, where 0 = a − a is an element that does not depend on the choice of a ∈ X. The ordered set (X; ≤) is a semi-Boolean algebra in the sense of [1] , that is, it is a meet semilattice with zero 0 in which every interval [0, a] is a Boolean algebra with respect to the induced order.
In a subtraction algebra, the following are true (see [6] ):
(a8) x ≤ y if and only if x = y − w for some w ∈ X. 
Proposition 2.2. [6] Let X be a subtraction algebra and let x, y ∈ X. If w ∈ X is an upper bound for x and y, then the element
is a least upper bound for x and y. 
where t A (u) is a lower bound of the grade of membership of u derived from the "evidence for u", and f A (u) is a lower bound on the negation of u derived from the "evidence against u", and
Thus the grade of membership of u in the vague set A is bounded by a
]. This indicates that if the actual grade of membership is μ(u), then
The vague set A is written as
where the interval [t A (u), 1 − f A (u)] is called the vague value of u in A and is denoted by V A (u).
Definition 3.2. [3] A vague set A of a set U is called 1. the zero vague set of
U if t A (u) = 0 and f A (u) = 1 for all u ∈ U,
the unit vague set of
For α, β ∈ [0, 1] we now define (α, β)-cut and α-cut of a vague set. Note that A 0 = X, and if α ≥ β then A β ⊆ A α and A (α,β) = A α . Equivalently, we can define the α-cut as
For our discussion, we shall use the following notations, which are given in [3] 
Similarly we define "imin". The concept of "imax" and "imin" could be extended to define "isup" and "iinf" of infinite number of elements of
It is obvious that L = {I[0, 1], isup, iinf, ≤} is a lattice with universal bounds [0, 0] and [1, 1] (see [3] ).
Vague ideals
In what follows let X be a subtraction algebra unless otherwise specified. 
that is,
whenever there exists x ∨ y. 
then A is a vague ideal of X.
Proof. Let A be a vague set of X that satisfies (4.2). Then
Now suppose x ∨ y exists for x, y ∈ X. Putting w := x ∨ y, we have x ∨ y = w − ((w − x) − y) by Proposition 2.2. It follows from (4.2) that
Hence A is a vague ideal of X.
Proposition 4.5. For every vague ideal A of X, we have the following inequality:
Proof. If we take y :
Hence (4.3) is valid.
Proposition 4.6. Let A be a vague set of X such that
Then we have the following implication:
Proof. Let a, x ∈ X be such that x ≤ a. Then
The following proposition is straightforward. Proof. Let x ∈ X and a ∈ A α . Then t A (a) ≥ α, and so 
Proposition 4.7. A necessary and sufficient condition for a vague set
. Now let a, b ∈ A (α,β) and assume that there exists a ∨ b. Then
which shows that a ∨ b ∈ A (α,β) . This completes the proof. 
Theorem 4.11. Let X be finite and let A be a vague ideal of X. Consider the set V (A) given by
Then A i are the only vague-cut ideals of X, where i ∈ V (A).
. This completes the proof. Proof. Consider the vague set A of X given by Before finishing our discussion, we pose the following question:
Question Does any vague ideal of a subtraction algebra satisfy the condition (4.2)?
